Based on the minimum two-orbital model and the phase diagram recently proposed by Tai et al. (Europhys. Lett. 103, 67001(2013)) for both electron-and hole-doped 122 iron-based superconducting compounds, we use the Bogoliubov-de Gennes equations to perform a comprehensive investigation of the evolution of the Fermi surface (FS) topology in the presence of the collinear spin-density-wave (SDW) order as the doping is changed. In the parent compound, the ground state is the SDW order, where the FS is not completely gapped, and two types of Dirac cones, one electron-doped and the other hole-doped emerge in the magnetic Brillouin zone. Our findings are qualitatively consistent with recent angle-resolved photoemission spectroscopy and magnetoresistivity measurements. We also examine the FS evolution of both electron-and hole-doped cases and compare them with measurements, as well as with those obtained by other model Hamiltonians. The discovery of the iron-based high-temperature superconductors has attracted intensive experimental and theoretical attention. The parent compound (such as BaFe 2 As 2 or 122 pnictide in short) is a bad metal with a collinear spin-density wave (SDW) order. By doping either electrons or holes into the parent compound, the SDW order becomes weakened and the superconductivity (SC) emerges. Both phases appear to coexist and in some cases also compete with each other in certain doping regimes.
Based on the minimum two-orbital model and the phase diagram recently proposed by Tai et al. (Europhys. Lett. 103, 67001(2013)) for both electron-and hole-doped 122 iron-based superconducting compounds, we use the Bogoliubov-de Gennes equations to perform a comprehensive investigation of the evolution of the Fermi surface (FS) topology in the presence of the collinear spin-density-wave (SDW) order as the doping is changed. In the parent compound, the ground state is the SDW order, where the FS is not completely gapped, and two types of Dirac cones, one electron-doped and the other hole-doped emerge in the magnetic Brillouin zone. Our findings are qualitatively consistent with recent angle-resolved photoemission spectroscopy and magnetoresistivity measurements. We also examine the FS evolution of both electron-and hole-doped cases and compare them with measurements, as well as with those obtained by other model Hamiltonians. The discovery of the iron-based high-temperature superconductors has attracted intensive experimental and theoretical attention. The parent compound (such as BaFe 2 As 2 or 122 pnictide in short) is a bad metal with a collinear spin-density wave (SDW) order. By doping either electrons or holes into the parent compound, the SDW order becomes weakened and the superconductivity (SC) emerges. Both phases appear to coexist and in some cases also compete with each other in certain doping regimes. [1] [2] [3] [4] [5] [6] [7] [8] [9] As the compound is further doped, the SDW gets further suppressed. Eventually, only the SC order prevails in the optimally and overdoped regimes. Many experiments 10, 11 now suggest that the SC pairing symmetry in these compounds should be s ± -wave like 12 with the inter-band sign reversal of the pairing order, which can be simulated by a next-nearest-neighbor (NNN) pairing interaction.
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Many microscopic Hamiltonians have been proposed to study the electronic band structure, the SDW and SC in the iron pnictides, ranging from tight-binding models that include all five Fe-3d orbitals 14 or even eight orbitals accounting for As-4p orbitals as well 15 , to three orbitals, 16, 17 and down to the minimum models of two orbitals, [18] [19] [20] [21] or simply two bands, [22] [23] [24] as well as the low-energy effective model. 25 Each of these models has its own advantages and range of convenience for calculations. For example, to study certain specific properties of the 122 compounds, such as the Fermi surface (FS) evolution as a function of doping, quasiparticle excitations, superfluid density, and the local density of states near an impurity or a magnetic vortex core, the two-orbital models appear to have a clear numerical advantage, while retaining some of the orbital character of the low-energy bands. Among the two-orbital (d xz and d yz ) models, the phenomenological approach of Zhang 19 takes into account the 2-Fe atoms per unit cell and the asymmetry of the As atoms below and above of the Fe plane, which breaks the C 4 symmetry. For this model the phase diagram of the electron-doped Ba(Fe 1−x Co x As) 2 compounds has been calculated, 26 and the result is in qualitative agreement with experiments. [2] [3] [4] 8, 10 The obtained FS evolution as a function of electron doping 26 and the FS at zero doping 27 are consistent with the angle-resolved photoemission spectroscopy (ARPES) experiments [28] [29] [30] and the electron-and hole-like Dirac cones, as observed indirectly by magneto-resitance measurements.
31 However, this model failed to generate the experimental phase diagram for hole-doped Ba 1−x K x Fe 2 As 2 compounds 6, 7 with the same set of parameters. Thus the FS evolution of the hole-doped compounds has so far not been systematically studied in the literature. In a very recent work, Tai and co-workers 21 improved the original model in Ref. 19 to give a unified description of the entire phase diagram covering both the electron-and holedoped regimes. To our knowledge, this is so far the only phenomenological 2-by-2-orbital model (2 Fe sites with 2 orbitals each), in which the resultant low-energy electronic dispersion agrees qualitatively well with density functional theory calculations of the electronic structure in the local density approximation (LDA) of the entire Brillouin zone (BZ) of the 122 compounds.
14, [32] [33] [34] [35] Notably, the obtained phase diagram also agrees with the experimentally observed electron-and hole-doped phase diagrams. [1] [2] [3] [4] [5] [6] [7] In the present paper, we adopt this model to test further its validity by studying the FS topology of the hole-doped and electron-doped compounds. At the same time we also compare the model results with experiments and with previous theoretical studies. 23, 26, 27, 36 We write the model Hamiltonian as
where H t and H int are the single electron hopping and on-site electron-electron interaction terms, respectively. The kinetic energy term can be written as
iµσ c iµσ , and the electron-electron interaction term can be expressed in the mean-field approximation by 
. Since this is a phenomenological Hamiltonian and dispersions are fit to low-energy LDA calculations or ARPES measurements, our classification in terms of d xz and d yz orbitals should not be taken literal, but rather as a convenient way to differentiate between the symmetries of the effective low-energy orbitals. A detailed symmetry analysis of our model has been presented in Ref. 21 , in which the C 4 symmetry breaking introduced. A more profound space group symmetry analysis of the iron pnictide superconductors can be found in a recent paper.
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The Hamiltonian in Eq. (1) is solved self-consistently through the multiorbital Bogoliubov-de Gennes equations in matrix notation,
in combination with the self-consistency equations for the electron density,
, and the SC order parameter,
Here f (E) is the Fermi-Dirac distribution function with Boltzmann constant k B , V iµjν is the NNN pairing strength, with V iµjµ = V , when j = i ±x ′ ±ŷ ′ and zero otherwise.
Throughout this work, we will use the six hopping parameters t 1−6 = (−1, 0.08, 1.35, −0.12, 0.09, 0.25) and the three many-body interaction parameters (U, J H , V ) = (3.2, 0.6, 1.05) from Ref. 21 . All energies are measured in units of |t 1 |. Before we give a detailed discussion about the effects of doping, we present the phase diagram of Tai's model in Fig. 1 . In these calculations, the collinear SDW order parameter is defined as m(i) = (−1)
µ (n iµ↑ − n iµ↓ ), and the bulk SC order parameter is defined as the average over the lattice, ∆ =
8N
i,δ,µ ∆ i,i+δ,µ . For the undoped case, the FS in the normal state contains two hole pockets around the Γ = (0, 0) point and two electron pockets around the M = (π, π) point ( Fig. 2(a) ). Since the SDW order will enlarge the realspace unit cell, we choose the 4-Fe unit cell configuration as denoted by the blue dashed squares in the inset of Fig. 1 , from which we can see that the antiferromagnetic order is along the x ′ axis and the ferromagnetic order is along the y ′ axis. We plot the zero-temperature magnetic FS of the undoped parent compound, obtained from our self-consistent calculation, in Fig. 2(b) . Four small FS pockets appear in the magnetic Brillouin zone (MBZ) along the high-symmetry Γ − M line, consistent with experiments. 37, 38 We note that the pockets outside the MBZ are just replicas of those inside due to band folding in the SDW state. To reveal the nature of these FS pockets, we make a one-dimensional (1D) cut in Fig. 2(c) for the band structures along
We can see that two of the colored FS pockets (red) are electron-type and located around (k x , k y ) = ±(0.287π, 0.287π), while the other two (green) are hole-type and located around (k x , k y ) = ±(0.244π, 0.244π). Along the line X ′ x − Γ ′ , we predict the existence of two Dirac cones (one electron doped and the other hole doped). Indeed this is captured by recent ARPES experiments 30 and is in good agreement with magneto-resistance measurements. 31 In retrospect, these calculations allow us to justify why the present two-orbital model agrees so well with experiments. This is because the density of states due to the d xy orbital is practically zero at the Fermi energy in the presence of the SDW order 39 and thus may be neglected. Similar features for the parent compound have also been obtained by a different two-orbital model.
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The doping effect is expected to have an intimate impact on the FS with SDW order. In underdoped samples, where the SC and SDW orders coexist, earlier work 23 investigated the effect of the SDW strength on the FS topology by keeping the chemical potential (or doping level) fixed. The FS with the SDW in the undoped case has also been shown to sensitively depend on the strength of the onsite Coulomb interaction.
36 Therefore, it is necessary to choose a set of interaction parameters able to fit the phase diagram of the compounds for both electronand hole-doped cases (see Fig. 1 ), and then to examine how the FS is changed as the doping level varies. It appears that this issue has only been studied for the 
electron-doped case
26 based on the model of Ref. 18 . In the following, we first study the FS topology of the doped case by setting the SC order parameter ∆ = 0. This is because the FS is determined by the SDW, not by SC. The effect of the SC is mainly to open a gap on parts of the FS pockets, where the SDW gap closes. Concretely, in the optimally doped state, it can be predicted that ∆(k) = 2∆(cos(k x ) + cos(k y )) in the BZ of the 2-Fe unit cell. In the coexistence region of SDW and SC, the reconstructed FSs are formed by mixing electron and hole bands but the SDW wave retains the gapped nature of the s ± -wave SC although the gap equation appears in a mathematically different way. 23, 24 According to our numerical calculation, the SDW gap is mainly affected by the doping that destroying the nesting between the Fermi surfaces, not by the presence of the SC. Further, the FS measured in the ARPES experiments for doped SC samples 28,29,40 usually did not exhibit the SC gaps. When the iron pnictides are lightly hole-doped, i.e., away from half filling, the size of the hole pockets is enlarged, while that of the electron pockets is reduced. The electron pockets will then vanish completely at a small doping value as shown in Fig. 3(a) . By further increasing doping, two new hole pockets appear in the same location where the electron pockets vanished (Fig. 3(b)-(c) ). This can be easily seen from the inset of Fig. 2(c) by shifting the chemical potential downward. It is also worthwhile to point out that the band structure with the SDW depends strongly on the magnitude of the SDW order. When the doping level δn ≡2-n> 0.1, an additional pair of ungapped FS pockets appears in the diagonal k x = −k y direction (Fig. 3(d) ). The size of all these hole pockets is enlarged proportional to doping and then the FSs become closed around the Γ point (two blue squares in Fig. 3(e) ). Meanwhile, the magenta FS pockets are still located along the k x = k y direction and stay gapped along the orthogonal direction, k x = −k y . When the system is even further doped, all the FSs become closed around the Γ point and symmetric along k x = k y and k x = −k y directions as the SDW order becomes increasingly small (Fig. 3(f) ). So far we are not aware of any ARPES experiments in the hole-doped region with SDW. Hence, our results will guide the search and interpretation of future experiments of the FS topology with SDW phase in the very underdoped regime. In this regime, the SDW gap is large while the SC gap is comparatively small. If the ARPES experiment observes small gaps in certain k space-region while large gaps are detected in other part of the k space. Then the FS where the SC resides on could be easily determined. If one neglects the smaller SC gap, the FS with SDW as a function of doping should be experimentally obtained, and the results should be used to compare with our theoretical predictions. However, near the optimal doping, the SDW gap should be comparable to or much smaller than the SC gap. It would be hard for our theory to fit the exper-iments when the gaps of the SDW and SC orders have the same order of magnitude.
For samples with n ≤ 1.86, or δn ≥ 0.14, the SDW order disappears and thus no more band folding. We show the corresponding FSs in the 2-Fe BZ at n = 1.8, n = 1.7 and n = 1.5 in Figs. 3(g)-(i) , respectively. The four electronic pockets at the zone corner M shrink, while the hole pockets at Γ expand a little with increasing doping. It should be noticed that for extremely hole-doped samples, the small electron pockets near the M points no longer touch the BZ boundary, which is consistent with available ARPES experiments, 41, 42 and so far has not yet been explained by other two-orbital models. In addition, Fig. 3(g) shows nearly degenerate hole-like FSs at the Γ point, while experiments indicate two well separated hole like FSs. [41] [42] [43] [44] [45] [46] This is an intrinsic shortcoming of the two-orbital model, because the outer hole pocket (β FS sheet), which is missing in the present calculation, has a major d xy orbital component according to orbitalsensitive ARPES results. 47 On the other side, the LDA calculations [48] [49] [50] have shown that, although heavily hybridized, the main character of the bands that determine the FS are d xz and d yz orbitals, with small contributions of d xy at the hole pockets and at most of the elongated portions of the electron pockets. Even though the d xy orbital indeed affects the FS topology in the heavily hole-doped case, it has no qualitative impact on the collinear SDW and SC orders, and other thermodynamic measurable quantities. In particular, we point out that although the two orbitals in our model are mainly of d xz and d yz character, some weight of d xy -orbital character is also present. This fact may qualitatively justify our minimum two-orbital model 21 as a phenomenological model for 122 pnictides.
In order to check the validity of the two-orbital model employed in the present work, we also examine the FS evolution with electron doping. The results are shown in Fig. 4 . In the lightly doped regime, the hole pockets are gradually getting smaller and finally disappear. With further increased doping, two electron pockets appear (see Figs. 4(a) and (b) ). This behavior is mirrored for hole doping and can be seen from the inset of Fig. 2(c) by moving the chemical potential upward. However, in the intermediate doping regime around n = 2.03, two new electron FS arcs also appear along the diagonal k x = −k y direction, see Fig. 4(c) . This is quite different from the two-band result in Fig. 2 of Ref. 22 , there the magnetic FS pockets are always along the k x = k y direction. Recently, ARPES experiments 40 were performed on strongly underdoped BaFe 2−x Co x As 2 samples in which the electronic structure of the detwinned crystal was observed. It can be seen that the anisotropic features in Fig. 4 (c) and 4(d) are qualitatively comparable to the experimental observations as shown in Fig. 1 of Ref. 40 , if the crystal orientation across the twin boundaries is considered. When the doping increases, the size of the electron FS pockets and arcs are enlarged, and eventually become large closed FSs around Γ, while the other pair of ungapped FS pockets remains along the Γ-M line (Figs. 4(e) ). When the system is further doped, the inner blue electron pockets are also closed around the Γ point (Fig. 4(f) ).
For n ≥ 2.11, the SDW order is totally suppressed, and the FS is then presented in the 2-Fe BZ, as shown in Fig. 4(g)-(i) . It can be seen that in the heavily electrondoped sample, the hole-like FSs around the Γ point become very small. First the inner one disappears, and finally both hole FSs disappear while the electron FS pockets at the zone corner become enlarged. A key finding of this work is that all these model results are consistent with ARPES experiments. 28, 29 In addition, the shape of the FS pockets around the M point are round, while those obtained in previous work were more square.
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For a direct comparison to future experimental studies with varying doping levels, we calculate the spectral function A(k, ω) = i,µ A i,µ (k, ω), and integrate from ω = −0.1 to 0.1, which is proportional to the photoemission intensity measured in ARPES experiments. The local and orbital-resolved spectral function is defined as
Our calculated spectral functions are shown in Fig. 5 . It is known that when the sample is undoped or in the lightly hole-or electron-doped regimes, the spectral intensity is strong along the diagonal direction k x = k y direction, but very weak along the other diagonal direction, k x = −k y . 37, 38 When the electron or hole doping is increased, the intensity along k x = −k y becomes enhanced The asymmetric characteristics of the magnetic FS along k x = k y and k x = −k y directions with the collinear SDW imply anisotropic transport and other properties in highly under-doped Fe-based superconductors. Although the current ARPES experiments appear to be difficult to map out the evolution of the FS in the under-doped regime, the asymmetric effect of magnetic FS evolution should be easily reflected in other measurements, such as scanning tunneling microscopy (STM) experiments, which can measure the quasiparticle interference pattern and the local density of states around a unitary impurity (Zn atom) or near a magnetic vortex. All these signatures constitute subjects for future study.
In summary, we have studied for the first time systematically the FS evolution of the 122 parent compound as functions of hole-and electron-doping. At zero doping, there exist equal-sized electron-doped and holedoped Dirac cones along the Γ-M direction (k x = k y ) in the BZ, i.e., the direction of the antiferromagnetic order. This is in good agreement with experiments. When the 122 parent compound is lightly doped, the effect of doping is mainly to reduce the size of the Dirac cone-like pockets, while the SDW gap closes up along the antiferromagnetic nesting direction. With further doping, additional parts of FSs become ungapped along the orthogonal direction, k x = −k y . Then the SDW order is completely suppressed and the complete two-dimensional FSs appear in the heavily doped samples. We noticed that the FSs obtained for the heavily hole-doped regime seem not to agree well with ARPES experiments, this is because the contribution from the d xy orbital is not adequately captured in the present study. However, our results with the SDW order can be used to guide future experiments on the evolution of the Fermi surface topology in very underdoped samples of Fe-pnictides, where the d xy orbital is greatly suppressed. On the other hand, we have also investigated the FS evolution as a function of electron doping. All of our theoretical findings in this case are in qualitative agreement with experiments from under-doped to over-doped regime. This conclusion implies that the present model suits better for the electrondoped case than for the hole-doped case. We believe that the low energy physics of the 122 pnictides is originating mainly from the d xz and d yz orbitals, and further works are needed to support the validity of the present model.
